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A question
After giving some examples of Bolzano’s ‘anticipations’ of ideas
concerning continuity you are invited to consider the question:
In what circumstances can we claim someone’s ideas or insights
were ‘ahead of their time’ ?
Might it not be that, in spite of formal similarity, the context for an
insight has changed so much that the earlier insight is really not
comparable with its later version? (For example, infinitesimals in 17C
and modern non-standard analysis.)
[A challenge from Jean Christianidis (Athens) in 2015.]

Four phases of Bolzano’s life:
These were stages in the circumstances of Bolzano’s life:
(i) Education 1796 – 1804 at Charles University;
(ii) Professor of Religious Studies 1805 – 1820, a new post instituted at all
universities of the Habsburg Empire;
(iii) From 1823 to 1841 lives largely with his sponsors, the Hoffmann family, in
Těchobuz (60 miles SE of Prague) writing mathematics, logic, philosophy;
(iv) 1841 – 1848 active in Royal Bohemian Society (forerunner of Academy).

Publications
(i) Little recognition in his lifetime of his few published mathematical works;
(ii) Prodigious amount written, but unpublished, on numerous subjects; of the
mathematical ones many were notebooks/diaries, but about half were manuscripts
intended for future publication and left unfinished. [Größenlehre]
(iii) Publication of the Bernard-Bolzano-Gesamtausgabe [Collected Works (1969 - )
has 104 volumes published so far (Frommann-Holzboog, Stuttgart) of a projected
130;
(iv) Approximately one third of the volumes concern mathematics [Größenlehre].

Examples of ‘Anticipations’
These are examples of insights the value of which was not recognised until
long after they had been made, and in some cases published, by Bolzano:
(i) spatial continua, line-in-general, in 1817 [DP, also surface and solid ]
(iia) continuity of a function: limit, convergence, IVT, in 1816 [BL], 1817 [RB]
(iib) non-differentiable, continuous function in [Functionenlehre: BGA 2A, 10/1]
(iii) continuity of number domain: measurable numbers / real numbers (axiom
of continuity/completeness)
[Reine Zahlenlehre BGA 2A 8]

Definitions of line, surface, solid
“A spatial object,* at every point of which, beginning at a certain distance and for all
smaller distances, there is at least one, and at most only a finite set of points as
neighbours, is called a line in general [eine Linie überhaupt] …” [DP, §11]
“*A spatial object is every system (every collection) of points (…finite or infinite)”
Seven special cases of the definition are explained and illustrated.
Surface and solid are given similar neighbourhood definitions at DP [§35, §52]
“Bolzano’s whole approach to his geometrical problem strikes one as very similar to
Karl Menger’s intuitive approach to dimension during the early 1920’s.” [Dale
Johnson, Prelude to Dimension Theory… , Arch. Hist. Ex.Sci. 17 (1977).]

Line: example 4

“ […when there is always]
an even number of
neighbours, and thereby
no point whose distance
from others is greater than
a given distance, [the
object] is called a selfreturning, or closed line.”
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Continuity of a function 1
In the context of comment on Cours d’Analyse (1821):
”Cauchy now turned to define the concept of continuity of a function ...
This was a radical step … when almost all mathematicians of the time
took differentiability for granted: continuity had never been given a
prominent position in the edifice of analysis before. He said that f is
continuous at x if the numerical value of f(x+⍺) – fx , where ⍺ is infinitely
small, decreases indefinitely with ⍺.” [Jeremy Gray, The Real and the
Complex: … ]
Bolzano was one of the exceptions in his work of 1817.

Continuity of a function 2 + IVT
A function fx is continuous … if the difference f(x+ω) – fx can be made smaller than any given
quantity, provided ω can be taken as small as we please, or (in the notation … of [BL, 1816])
f(x+ω) = fx + Ω.
The ω, Ω are not infinitesimals but ‘variable quantities’ obeying all usual rules of arithmetic.
The symbolism is exploited freely to derive all usual results about limits and continuity of
functions.
To prove the intermediate value theorem (IVT) B. needed to prove that Cauchy sequences
converged. This could not be done without a construction or definition of real numbers
which was lacking. Although B.’s proof (in RB) was “incorrectly argued … it was the only
attempted proof in the early 19C “ [Jackie Stedall, Mathematics Emerging, p.496]

A continuous, non-differentiable function
Iteration of a linear segment to form a ‘zig-zag’ pattern.
First iteration subdivides the segment from (0,0) to (1,1)
Into the four segments successively joining
1.0

(0,0) to (3/8, 5/8), to (1/2,1/2), to (7/8, 9/8), to (1,1).
The corresponding subdivision is applied to each of
these segments, and the iterations are repeated.

0.5
Key:
y (x)
1
y (x)
2
y (x)
3
y (x)
10

0.0
0.0

0.5

1.0

B. proves the limit function is everywhere continuous
and nowhere differentiable on a dense subset of ℝ.
Pre-dates the Weierstrassian example by about 30 years.

Continuity of the number domain
In the Preface of RB (1817) Bolzano’s summary shows he is himself aware of the logical
gap in his proof. His theory of measurable numbers (from early 1830s) addressed this
problem and is a theory of what we now call real numbers. He shows that his
measurable numbers satisfy what would later be called the ‘axiom of continuity’.
Russ, S. and Trlifajová, K. Bolzano’s measurable numbers: are they real? In Zack, M and
Landry, E. (eds) CSHPM 2015 Research in History and Philosophy of Mathematics,
Birkhäuser 2016.
Bolzano’s insights and theory developed several decades before those of Dedekind
and Cantor and others later in 19C. Published partially Rychlík (1963), fully (Berg)1976.

Challenges for the historian …
Insights that are published but not recognized or appreciated until long afterwards
[B.’s spatial extension / dimension definitions];
Insights that are not published until long afterwards, when others have done the same
or better and are well-known [B.’s non-differentiable, continuous function];
Insights that are only partially, or inadequately, articulated [cf. B.’s measurable
numbers].
When is it appropriate to claim an insight to be ‘ahead of its time’? Or an author
‘ahead of his/her time’? Can the context of an insight ever be the same or even similar
centuries or, in modern times, just decades later?
How should the historian best deal with such insights?

The case of Aristarchus …
Thomas Heath published Aristarchus of Samos: the Ancient Copernicus (1913).
Aristarchus defended a heliocentric view of the universe. Jean Christianidis offers a
trenchant, detailed and comprehensive account of why it is most unhelpful and
misleading to adopt the comparison indicated by Heath’s title:
“… there is no justification whatsoever for transplanting the mentality of the Middle
Ages and the Renaissance into the heliocentrism of Antiquity.”
‘Having a knack for the non-intuitive: Aristarchus’s heliocentrism through Archimedes’s
geocentrism’, History of Science xl (2002) p.164.
A powerful cautionary tale about the need to attend to context in claims that someone
was ‘ahead of his time’.

What is history?
“When the eye or the imagination is struck with any
uncommon work, the next transition of an active mind
will be to the means by which it was performed.”
Johnson, Rasselas, Chapter XXX

