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Patterns
S O M E  S H O R T  S T O R I E S  F R O M  
M AT H E M AT I C S  …  
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G. H. Hardy (1877-1947)
A mathematician, like a painter or a poet, is a maker of 
patterns. If his patterns are more permanent than theirs, 
it is because they are made with ideas. A painter makes 
patterns with shapes and colours, a poet with words. A 
painting may embody an ‘idea’, but the idea is usually 
commonplace and unimportant. In poetry ideas count 
for a good deal more … a mathematician has no material 
to work with but ideas, and so his patterns are likely to 
last longer, since ideas wear less with time than words. 
The mathematician’s patterns, like the painter’s or the 
poet’s, must be beautiful; the ideas, like the colours or 
the words, must fit together in a harmonious way. 

A Mathematician’s Apology p.84
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Patterns
Take some objects, and an operation to combine them two at a time. With a small number of 
objects we can make a table of all the possible results. Such tables often display patterns.

Some old-fashioned clocks chime the quarter-hours: one, two and three. Our ‘objects’ are the 
quarter-hours, the operation is ‘followed by’. So two quarters followed by one quarter makes 
three quarters. What about three quarters followed by two quarters?  [TABLE]

For a more abstract example, consider the fourth roots of 1 (unity). Start with the square roots. 
‘Pretend’ (for the moment) there is a square root of -1 we’ll call it i (for imaginary). Use ordinary 
multiplication as the operation with the rule that i2 = -1. [TABLE]

The ideas behind these tables are very different. What about the patterns of the tables?
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Two group tables
Quarter-hours, with ‘followed by’ (*) Fourth roots of 1, with multiplication (and i2 = -1)

* 0 1 2 3

0 0 1 2 3

1 1 2 3 0

2 2 3 0 1

3 3 0 1 2

. 1 i -1 -i

1 1 i -1 -i

i i -1 -i 1

-1 -1 -i 1 i

-i -i 1 i -1
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Four objects, different patterns, same properties

A ‘symmetry’ of an object is a movement which brings it into ‘coincidence’ with itself. So the 
object occupies exactly the same space after the movement as it did before.  A cuboid (e.g. a 
shoebox) can be rotated 180◦ around each of its axes. These symmetries can be composed with 
‘followed by’ (*).  Watch the demo carefully! We make a table of these compositions.

◦ And here is another example:
◦ With the rule: multiply normally
◦ then divide by 8, use the remainder
◦ as the result.        

* I X Y Z

I I X Y Z

X X I Z Y

Y Y Z I X

Z Z Y X I

x8 1 3 5 7

1 1 3 5 7

3 3 1 7 5

5 5 7 1 3

7 7 5 3 1
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‘Reality’, appearances and ideas

When the two group table patterns are the same the groups are really the ‘same’ (isomorphic). The 
same pattern can arise from very different sources. We’ve seen two groups, of order 4, with the 
same pattern and two with a different pattern. Might say the pattern reveals a ‘deeper’ structure 
than the appearances. 

[Technical bit] Even when the patterns are different, the tables may display the group properties: 

(i) closure, (ii) associative, (iii) identity and (iv) inverses. In a sense, being a group is ‘deeper’ than 
the pattern displayed, e.g. there are five patterns possible for groups of order 8.

6



10/30/19

2

Things to try at home …
Explore the symmetries of an equilateral triangle (six objects). The operation is one movement 
‘followed by’ another one.  A symmetry has the effect of permuting the vertices of the triangle. 

The ‘same’ group of six objects is formed by the six permutations of three symbols. Note it is the 
movements (or permutations) that are the objects of the group (not the things being permuted). 
This time the order of composing two objects (symmetries or permutations) may make a 
difference. Make a group table and check that sometimes the order of composing matters.  Have 
a look at …

https://jseden.dcs.warwick.ac.uk/construit/?load=467

Try using the two buttons ROTATE (r) and FLIP (f) to apply symmetries to the triangle. Play 
around with them to begin with, then more systematically make table with r, r2, r3 (= identity, e) 
.... so start again ...   e, r, r2, f, fr, fr2. These are the six symmetries (many ways to write them).
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Two of the early pioneers:
Lagrange (1736-1813),  Galois (1811-1832)
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Coming up to date … winners in 2008 of the Abel Prize for  ‘…shaping modern 
group theory’

Jacques Tits (1930- ), John Thomson (1932- )
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Beautiful ideas?

What about the ‘beautiful ideas’ claimed by G.H. Hardy?

We are nowhere near them, of course. These have been 
banal first stepping stones of one pattern in mathematics.

But we need to learn to play notes, chords and  scales, 
before playing a melody or a sonata is imaginable.

Perhaps what we might have made plausible: 

Abstract ‘patterns’ can have a permanence that 
underlies very varied origins in appearances.

Very complicated structures can arise out of very simple 
properties.

The group properties are ‘deeper’ than the patterns 
made in different group tables.
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Extra bits …. 
Symmetry and the Monster, Mark Ronan (OUP, 2006)

The Mathematical writings of Évariste Galois, Peter Neumann (2011) Online

https://www-history.mcs.st-andrews.ac.uk/HistTopics/Development_group_theory.html

Try a search engine: groups of order 8, group theory, etc

Wikipedia: List of group theory topics, Classification of finite simple groups, Monster group, etc

https://brilliant.org/wiki/group-theory-introduction/ looks fun … 

An enormous theorem: the classification of finite simple groups, see:

https://plus.maths.org/content/os/issue41/features/elwes/index
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Creepy bits … 

“ … odd coincidences between the Monster and number theory … were to lead to connection 
with string theory… we have yet to grasp the significance of these deep mathematical links with 
fundamental physics. We have found the Monster but it remains an enigma. Understanding its 
full nature is likely to shed light on the very fabric of the universe.” (Mark Ronan, p.229)

It is a consequence of Galois theory that there can be no general formula for a quintic equation 
(i.e. one containing x5, or equations of higher order).

The symmetry group of an object ‘measures’ the amount of symmetry the object possesses.
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