Principle of substitution: if equals be substituted for equals, the equality re-
mains.

) TH2=T414+1(2=g51+1)
) 7T+14+1=8+1(8=g5 7+1)
i) 84+1=9(9 =45 8+1)

iv) 7+ 2 = 9 (substitution)

Figure 6.1: Leibniz’s proof of arithmetical truths.

Principle of commutativity: a +b=b+a
Principle of associativity: ¢ + (a + b) = (¢ +a) + b

(S

CTH2=T+(1+1)(2=4e5 1 + 1)
2.7+ (14+1) =(7+ 1)+ 1 (associativity)
3(T+1)+1=8+1(8=g4e5 7T+1)

4. 84+1=9(9 =gy 8+1)

Ln

. 7T+ 2 = 9 (substitution)

Figure 6.2: Schultz’s proof of arithmetical truths.

The proof of this proposition is not difhcult as soon as we as-
sume the general proposition, a + (b + ¢) = (2 + b) + ¢, L.e.
that with an arithmetic sum one only looks at the number of
terms not their order (certainly a wider concept than sequence
in time). This proposition excludes the concept of time rather
than presupposing it. But having accepted it, the proof of the
above proposition can be carried out in the following way: the
statements 1 + 1 =2,7 +1=28,8 + 1 = 9 are mere definitions
and conventions. Therefore,7 + 2 = 7 + (1 + 1), per def.) =

(7 + 1) + 1, (per propos. pracced.) = 8 + 1 (per def.) = 9, (per
Bolzano, 1810, p. 147, 135.
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General mathematics, however, fully abstracts from the various qualities of
guantorum. Hence, general mathematics is merely concerned with quantis
as such, including its qualities. Therefore general mathematics only
investigates the ways in which the homogeneous can be connected, which
allow to actually construe and determine the magnitude of a quanti.
(Schultz, 1789, p. 212)

In mathematics, one abstracts from all particular properties of objects and
only considers their composition, the act of bringing things together in
thought (Zusammendenken). (GA2B2/2 p. 95)

According to Bolzano, composition is the simple concept which determines
the domain of the scientific discipline called mathematics rather than the
notion of quantity. Accordingly, one of the most important principles of
general mathematics states that all things can be connected in thought.
(Blok, p. 184)



‘Mereological’ Ideal Composition (et)

(a) A sandpot (Streusandfafs) and an inkpot (b) A writing tool (Schreibzeng) pro-
(Dintfafs). vides at the same time a pot for
sand and a pot for ink.

Figure 6.5: Sandpot and writing tool.

[A] Schreibzeng is neither an object that is Dintfafs nor an object
that is Streusandfafs, but a sum of Dintfafs and Streusandfa/s.*?



When 1 is added to a number in thought, a new number
arises.

Wenn zu einer Zahl noch 1 hinzugedacht wird, entsteht
eine neue Zahl. (GA 2A5, p. 61, §4)

| am namely of the opinion that all ideal composition actu-
ally is of the form: A et B; or [A et B] et C; | want to say
that all ideal composition actually only takes place between
two things (representations); but not A+B-+C+D. This
is important because of many consequences. (GA2A5 p.
37 §39)

- [1]
. [1 et 1]

3. [[1 et 1] et 1]



‘Aufgabe’ of addition: Solution. First find (n+1)+(m-1) then etc.”

n + m

[[Tetl]etl] e [ 1 e 1 ] (R)

Figure 6.6: First intuitive solution of the problem to find the number 3+ 2,

n + 1 + m - 1
3 + 1 + 2-1
[[[Tet1]etl] e 1 ] et 1 (S)

Figure 6.7: Solution of the problem 3 + 2.



Proof of the solution: R=S or 3+2=5

n+ (m+ o) = (n+ o) + m The number that arises by thinking
Principle: together multiple others 1s identical regardless the order in which
one thinks these parts together.”!

n + ( m + _o )

(1 + U)/+m
[[1et1]et1] ec [ 1 e -1 I ®
[etlet] et 1]/ L)

Figure 6.8: Ideal composition and the laws of commutativity and associtavity.



In terms of ‘Conclusions’

 Mathematics as the science of the Form of things means that mathematics
considers the composition of wholes out of parts

* Arithmetic is grounded in principles concerning the nature of mereological
composition (et)

* Mereological Composition (et) replaces Kant's form of pure intuition to account
for multitudes, which cannot be represented using cum

* Mereological (De)Composition of Wholes instead of Analysis of Concepts

* Mereological Composition explains the synthetic nature of arithmetic in a
conceptual non-Leibnizian way



